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Problem 1

For a continuous random variable X ~ f(z), prove
L E[h(X) + g(X)] = E[1(X)] + E[g(X)].
2. Var(X) = E[X?] = E[X]?
3. E[aX + b] = aE[X] + b and Var(aX + b) = a*Var(X)
4. Let E[X] = p and Var(X) = 02. Let Z = (X — u)/o. Calculate E[Z] and Var(Z).

Solution
(1) By the definition of the expectation of a continuous random variable with and using linearity of integrals,
we can express the left hand side as

B + 9] = [ (hle) + 9o (o)
/ h(z dx+/oo g(x) f(x)dx
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= E[1(X)] + E[g(X)]

(2) By the definition of the variance of a continuous random variable and using linearity of expectation, we
can express the left hand side as

Var(X) = E[(X - E[X])?]
= E[X2 — 2XE[X] 4+ E[X]?]
= E[X?] 4+ 2E[X|E[X] + E[X]?
= E[X?] - E[X]* + E[X]?
= E[X?] - E[X]?

(3) By the definition of the expectation of a continuous random variable, using linearity of integrals and the
normalization axiom, we can express the left hand side as

/OC (azx + b) f(z)dz = /_O:O amf(x)dm—&-b/_o; f(x)dx

— 00

:a/oO zf(x)dx+b-1

— 00

=aE[X]+b
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For the second equality, we again use linearity of expectation

Var(aX +b) = E[(aX + b — E[aX + b])?]
(aX +b— aE[X] — b)?]

(aX — aB[X])?]

@?(X — E[X])

= a’E[(X - E[X])?]

= a*Var(X)
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(4) Using the property proved in (3) above, we can express the left hand side as
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For the second equality, we also use the property of the variance proved in (3) above,

g

Var(Z) = Var (X — “)

All equalities above are thus justified.




Eric Chuu STATS 200A (Professor Yingnian Wu): Homework #2 PROBLEM 3

Problem 2

Let U ~ Unif]0, 1], i.e., the density of T is f(t) = Ae™ for t > 0, f(t) = 0 for t < 0.
1. Calculate F(u) = P(U < u)
2. Calculate E[U], E[U?], and Var(U).

Solution

Problem 3

Let T ~ Exp()), i.e. the density of T is f(t) = Ae™** for ¢t > 0 and f(t) = 0 for t < 0.
1. Calculate F(t) = P(T <t). Find t so that F(t) = 1/2.
2. Calculate E[T], E[T?], Var(T)

Solution
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Problem 4

Let Z ~ N(0,1), i.e., the density of Z is

1. Calculate E[Z],E[Z?], Var(Z).
2. Let X = p+0Z, 0 > 0. Find the density of X. Calculate E[X] and Var(X).

Solution

Problem 5

If X ~ fx(x).
1. Find the density of Y = aX + .
2. Find the density of Z = X?

You can either use cumulative density functions or work with probability density functions.

Solution




