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01. PROBABILITY

« probability of an event — the limiting relative frequency of
its occurrence as the experiment is repeated many times
« the realisation x is a constant, and X is a generator
* running r experiments gives us r realisations

Tlyevey Tr
Expectation
discrete: continuous:
(mass function) (density function)
n oo
E(X) ::inpi E(X) = /_Ocaff(l’)dx
i=1
expectation of a function i (X)
S h(zi)ps X is discrete

E{h(X)} = {

=5, h(x)f(x)dz X is continuous

Variance
variance, var(X) := E{(X — pu)?}
standard deviation, SD(X) := \/var(X)
evar(X) = E(X?) - E(X)?
*E(X—pn)=0
Law of Large Numbers
mean and variance of r realisations:

~ 1 T 1 T .
x:zfg xq v:zfg(a:ifa:)
T4 T
i=1 =1
LLN: for a function h, as r — oo,

=" i) = B{(X)
i=1

z — BE(X), v—var(X)

Monte Carlo approximation

simulate x1, ..., x, from X. by LLN, as » — oo, the
approximation becomes exact

B{(X)} = = 3" hla)
i=1

Joint Distribution

(discrete) mass function:
P(X =x;,Y =y;) = pij

(continuous) density function:

oo

fiR2S [o,oo),/ f(@,y) dody =1

— 00

(expectation) for h : R2 — R,
E{h(X,Y)} =

Zfil Z‘j]:l h(zi, y;)pij X is discrete
S 70 h(z,y) f(z,y) dedy Y is continuous

Algebra of RV’s
let X, Y be RVs and a, b, c be constants
« Z =aX 4+ bY + cis also an RV
* z = ax + by + cis a realisation of Z

« linearity of expectation: E(Z) = aE(X) + bE(Y) + ¢
< any theorem about a RV is true about a constant
Covariance
let py = E(X), py = E(Y).

covariance, cov(X,Y) = E{(X — ux)(Y — uy)}
cov(X,Y) = E(XY) — pxpy
cov(X,Y) = cov(Y, X)
cov(X, X) = var(X)
cov(W,aX +bY + ¢) = acov(W, X) + beov(W,Y)
var(aX + bY +¢) =
a?var(X) + b? var(Y) + 2abcov(X,Y)
var(zilil a; X;) =
Efil a?var(X;) + 2 Pi<icj<n @iaj cov(X;, X;)

joint = marginal x conditional distributions

[z, y) = fx (@) fy (ylz)
= fy () fx (zly),

 f(z,y) is the joint density

« [x(x), fy (y) are the marginal densities

* fy (*]z) is the conditional density of Y given X = =

* fx(-|ly) is the conditional density of X givenY =y

« for discrete case, density = probability, x = x;, y = y;

z,y €R

Independence

* X,Y areindependent <— Vz,y € R,
1. f(z,y) = fx (@) fy (y)
2. fy(ylz) = fr(y)
3. fx (zly) = fy (2)
* X,Y are independent =
« E(XY)=EX)E()
ccov(X,Y)=0
(the converse does not hold)

Conditional expectation
discrete case
let fy (:|z;) be the conditional pmf of Y given X = x;.

J
EY|z:] =y fy (yjlz:)

j=1
J

varlY|z] = 3 (y; — BIY |oi])* fy (y;2:)
Jj=1

E[Y|z;] is like E(Y), with conditional distribution replacing
marginal distribution fy (-). likewise, var[Y'|z;] like var(Y).

continuous case

E[Y|z] := /oo yfy (ylz) dy

var{yle] := [ " (- BIY 1) fy (vle) dy

= B(Y?[2) - {E(Y|2)}?

Distributions

if X is iid with expectation 1, SD o and S,, = >_I" | X,
* E(Sn) =np

* SD(Sp) = \/no

« variance of sum = sum of variances

var(>or, Xy) = >0 var(z;)
bernoulli

X ~ Bernoulli(p) = coin flip with probability p

E(X;)=p  var(Xi) =p(1—p)
E(Sn) =np var(Sy) = np(1 — p)
binomial
X ~ Bin(n,p) = X; g Bernoulli(p)

E(X)= np:L var(X) = np(1 — p)
E(X)= Z k(:);;]"(l 7p)n—k

k=1
cov(X,n — X) = —var(X)

multinomial

X ~ Multinomial(n, p)
« for k outcomes Ei, ..., E, Pr(E;) = p;. For some
1 <i <k, E; occurs X; times in n runs.

(X1,..., X}) has the multinomial distribution:
n .
Pr(Xy :"’“v“ka:ﬂ%):( )H?:mf“
Llyeo. Tk
nooy !
« where (qlTk) = W

« combinatorially, # of arrangements of z1, ...,z

>t xi=mn, ;>0
npi
E(X) = {”” ] . var(X;) = npi(1 — p;)
npg

var(X) = covariance matrix M with

var(X;)
mi; =
I C()V(Xj, X]')

ifi=j
it
«cov(X;, X;) <0

+ X; ~ Bin(n,p;)

. Xl' +XJ ~ BiTL(TL,pi +p]')

02. PROBABILITY (2)

Mean Square Error (MSE)
MSE = E{(Y — ¢)?}
« predicting Y:
MSE = var(Y) + {E(Y) — c}?
* min MSE = var(Y) whenc = E(Y)
» Y and X are correlated:
MSE = var[Y|z] + {E[Y|z] — c}?
MSE = E[(Y — ¢)2|2] = E{Y — E(Y)}2|a]
* min M SE = var(Y|z) when ¢ = E[Y |z]
«ifc = E(Y) instead of E(Y'|z) = the MSE increases
by (E(Y|z) — E(Y))?

mean MSE

% S varlYlzi] & B{vary'|X]}
i=1

random conditional expectations

let X, Y bervs.

« E[Y|X]is ar.v. which takes value E[Y |z] with
probability/density fx (x)

« var[Y'| X] is a r.v. which takes value var[Y|z] with
probability/density fx (x)

E(B[X2|X1]) = E(X2)
var(F[X2|X1]) + E(var[X2|X1]) = var(X2)
CDF (cumulative distribution function)
forrv. X, let F(z) = P(X < x)
+ domain: R; codomain: [0, 1]

Fx) = [Z f(z)dz

Standard Normal Distribution

Z ~ N(0,1) has density function
1 22

d)(z):ﬁexp{—?}, —0 < z< o0
E(Z)=0, var(Z)=1

CDF, ®(z) = P(Z <x) = [T _#(z)dz

cE(Z)= jfooo z¢(z)dz =0
L B(2%) = [, 2(z)dz =1

« B(ZPH) =0 VkeZxg
general normal distribution

let X ~ N(p,0%)andY ~ N(v,72)
standardisation: % ~ N(0,1)
» summations:
« for constants a, b # 0,
a+bX ~ N(a+bu, b’c?)

*X+Y ~N(p+v, o> +12 +2cov(X,Y))
ccov(X,Y)=0, = X1Y
*X1lY = X+Y~N@pu+tv o?2+132)

efor W =a+ bX,

« density, fi (w) = %FW (w)

° CDF‘ FW(w) — P(X S 'Il];(l,) — @(1“;(1,)

Central Limit Theorem

let X1,..., X, beiid rv’s with expectation p and SD o,
With Sn = Z?:l XI
CLT
as n — oo, the distribution of the standardised

Sn = 5’%:“ converges to N (0, 1)

« B(Sp) = np, var(Sy) = no?
« for large n, approximately S,, ~ N (npu, no?)

bernoulli

let X; ~ Bernoulli(p). then S, ~ Binom(n,p)
- for large n, Sy, ~ N(np, np(1 — p))
« CLT: standardised —22="P__ 5 N(0,1) as n — co

Vn/p(1-p)



Distributions
chi-square (y?)

let Z ~ N(0,1). = thenZ? ~ x?
« Z? has x? distribution with 1 degree of freedom
« degrees of freedom = number of RVs in the sum

E(Z?)=1, E(Z*) =3
var(Z2) = E(Z*) - {E(Z*)}?* =2
let Vi,...,Vy, beiid x? RVs and V =31,V then
V~x2
E(V)=n var(V)=2n
gamma
let a, A > 0. The Gamma(c, \) density is
A% f[?uilei/\w, x>0
(@)

where I'(«) is @ number that makes density integrate to 1

.y 2 1
X7, RV ~ Gamma(g, 5)

* X2 is a special case of Gammal!

« density of x7 RV = \/%vfl/Qe*“/Q, v>0
= Gamma(%7 %)

« if X1 ~ Gamma(ai,\) and X2 ~ Gamma(azg, \) are
independent, then X1 + X2 ~ Gamma(ai + az, \)

t distribution

let Z ~ N(0,1) and V ~ x2 be independent.
4

V/n

has a t distribution with n degrees of freedom.

~tn

« ¢ distribution is symmetric around 0

*tn, — Z as n — oo (because % — 1)

F distribution

let V' ~ x2, and W ~ x2 be independent.

% ~ Fm,n
has an F distribution with (m, n) degrees of freedom.

« even if m = n, still two RVs V, W as they are independent
2

cforT ~ty, T? = % ~ Fin

IID Random Variables

let X1, ..., X, beiid RVs with mean X.

— Z(X - X)?

=1
S'is an estimate of o

, Xn beiidN(‘u’UQ)_X:% :L,lX
X~ N, %
E(X) = p,
more distributions:

sample variance, 5% =

let X1, ...

X=iL  N(0,1)

o/v/n

(n=1)s> o
o2 ~ Xn—1
)7(7;4
S/f tn—1

+ X and S? are independent

Multivariate Normal Distribution

let ;w be a k x 1 vector and 3 be a positive-definite

symmetric k X k matrix.

the random vector X = (X1, ..., Xy)" has a multivariate
normal distribution NV (p, 3) if its density function is

1 (x —p)'E" "z —p)
CmFaders T (* 2 )
cEX)=p, var(X)=%X

« for any non-zero k x 1 vector a,
a’X ~ N(a'p,a’Za)
» a’3a > 0 because X is positive-definite
- the product a’ X is a scalar (same for a’p, a’>a)

« two multinomial normal random vectors X and Xo,
sizes h and k, are independent if cov(X1, X2) = Oy xk

« (X1 - X,..., Xy — X) has a multivariate normal
distribution; the covariance between X and

(X1 —X,..., X, — X)is 0, thus they are
independent

03. POINT ESTIMATION

for a variable v in population IV,
1N N
2 2
= — Vg g = — Vi — U
p= Zl i N ;( i — 1)
« i, o2 are parameters (unknown constants)

+ a simple random sample is used to estimate parameters:

individuals drawn from the population at random without
replacement

binary variable
for variable v with proportion p in the population,
w=p, =p(1—p)

single random draw
for variable v (population of size NV, mean p, variance 02),
let X be the chosen v-value.

E(X)=p, var(X) = o2
draws with replacement

let X1, ..., X, berandom draws with replacement from a
population of mean . and variance o2.

random sample mean, X = Z X;
1—1
X1,..., Xy areiid with E(X;) = u, var(

— — 2
E(X) = p, var(X) = 2=
letzy,...,x, be realisations of n random draws with

replacement from the population.

Xi) =o?

1 n
sample mean, T = — Z xT;
n
i=1
sasn — oo,z — p (LLN)
» sample distribution, z; has the same distribution as X;
and the population distribution

representativeness

* X1,..., Xy is representative of the population
* as n gets larger, X gets closer to 1
*x1,...,2xy are likely representative of the population

estimating mean

givendata x1,...,xn,

* sample mean, z = % | z; is an estimate of
e theerrorinzis p — 7; |t cannot be estimated

« T is a realisation of the estimator X

« this realisation is used to estimate 1

standard error

the size of error in estimate  is roughly SD(X) = %
n
the standard error (SE) in Z is % )
« SE is a constant by definition: SE = SD(X) = %
estimating o
intuitive estimate of 02, 62 = L 37 | (2; — 7)?
1 n
sample variance, s> = z; — )2
o varaes, = L5 3o
E(s%) = o2

Point estimation of mean

a population (size N) has unknown mean g, variance o2.
for random draws (without replacement) x1, ..., zy:

7 is a realisation of X, with E(X) = p, var(X) = 7—12
* pisestimatedas z = L 37 | ;

« error in T is measured by the SE: %
7

= p is around Z, give or take

= SD(X)

+ SE is estimated as

v

unbiased estimation

« since F(X) = p, X is an unbiased estimator of y. 7 is
an unbiased estimate.

+ S2 is unbiased for 02: E(S?) = o2

« S'is not unbiased for o: E(S) < o

Simple random sampling (SRS)

n random draws without replacement from a population of

mean 1 and variance o2.

sfori=1,...,n, B(X;) = pand var(X;) = o2

« fori # j, COV(XZ',XJ') = 71\771

« if n/N is relatively large,

« multiply SE by correction factor / N="
« standard error = %:”1"
. - N —no?
E(X)=p, var(X)= —
() =p var(X) = 3%

« if n << N, then SRS is like sampling with replacement

(treat the data as if they come from IID RVs X1, ..., X},)
— — 0'2
E(X)=p, var(X)="
n
estimating proportion p
«ina0-1 population, u = p, &2 = p(1 —p)

« pis estimated as z (sample proportion of 1’s)
V/p(1— R
« 5B = Y2UZD = sp(p)
« estimated by replacing p with =
* unbiased estimator p
« E(p) =p, var(p) =

PR, SD(p) = SE

« the estimate of o is &, not s
* e.g. if a SRS of size 100 has 78 white balls,
/0.78%x0.22
p~0.78+ 7100
Gauss Model

Let x; be a realisation of X;. X1,..., X100 are random
draws with replacement from an imaginary population with
mean w and variance o2. w and o2 are parameters
(unknown constants).

s BE(X;) =w, varX; 2 (since X; is just 1 draw)
cB(X)=w, varX = 1020

04. ESTIMATION (SE, bias, MSE)
letxy,...,x, be fromrandom draws X1, ..., X, with

replacement from a population of mean p and variance 2.
sample mean z is an unbiased estimate of
T = ll i T
SE f f tells us roughly how far z is from p

1 2
n—1

sample variance, s2 =

MSE and bias
suppose measurements were from a population with mean
w + bwhere bisaconstant: z; =w+b+¢€;
*E(X)=w+b
«SD(X) =%

e SE = % measures how far z is from w + b, not w
« if b # 0, then Z is a biased estimate for w

MSE = E{(X —w)?} = ”7
MSE = éEZ + bias?

asn — co, MSE — b>

L:l(‘L’L - ‘E)

conclusion
let 0 be a parameter (constant) and 0 be an estimator (RV).
SE = SD(H) bias = (9) -0,
MSE = E{(0 — 0)2 = SE? + bias?}

05. INTERVAL ESTIMATION
letzy,...,x, be reallsatlons of IDRVs X1, ..., , Xy, with
unknown p= E(X;)and 02 = var(X;).

sample mean, 7 = 1 3°" | z;

sample variance, s? = L 31" | (2; — )?

— S
standard error, SE = T

point estimation: . ~ Z, give or take ﬁ
interval estimation: interval contains . with some
confidence level
interval estimation works well if
» X; has a normal distribution, for any n > 1
» X, has any other distribution but n is large

normal "upper-tail quantile” =
let Z ~ N(0,1). for0 < p < 1, let z, be such that
p=Pr(Z > zp)
*eg.205=0
* zp = (1 — p)-quantile of Z
«for0 <p<0.5,Pr(—2p <Z<z)=1-2p



(case 1) normal distribution with known o

assume X1,..., X, are lID ~ N(0, 1) with known o2.
for0<a<1, Pr(fz% SZSZ%):l*O&

confidence interval for ;. the random interval

— o — g
X —za—, X a —
( RV +22¢ﬁ>

contains p with probability 1 — «,

H P - o = o
and produces the realisation ( z N +zg \/ﬁ)

» 1 — «is the confidence level
« Proof. since ==~ ~ N(0,1),

a/vn
. Pr(— z(wgf:/*%gz%2:1fa
. Pr(sz%\%S,uSX%»z%\%):lfu

(case 2) normal distribution with unknown o

assume X1, ...
replace o with S:

for0 < p < 1, lett, » be such that
Pr(tn > tpn) =p

* tp,n is the upper p quartile of the ¢ distribution with n
degrees of freedom
*e.g. to.1,5 = 1.48 (using ¢£(0.9, 5))
*asn — oo, tnp%zp
. X7
S/f

-Pr(X—ta <p<X4ta

=)
,n— lf nflﬁ

the random interval
(X ta n—1"_/5 7X+t°‘ n—l%)
contalns o W|th probablllty 1—a.

«dataxy,...,x, give realisations Z of X and s of S, thus
the random interval gives a (1 — «)-Cl for u:

= s
7-L+t%¢n—l vn

(7= tgm1m
(case 3) general distribution with unknown o
IID X1,..., X, with B(X;) = u, var(X;) = o unknown
- for large n, approximately 5’\%”“ ~ N(0,1)

. Sn_np _
since TS N(0,1) =

f and S ~ o for large n,
. _ X—p ~
Pr(iz% < N §z%2~1
. PI‘(X*ZQ% §M§X+z%%)zlfa
for large n, the random interval

- S S
<X —Za —, X+ za >
2 \/n 2 \/n
contains p with probability ~ 1 — «
s datazy,...,x, give realisations = of X and s of S.
. (:E —zg SE, T+ zg SE)
is an approximate (1 — a)-Cl for p.

- SE = ﬁ
. ~ . N—
« for SRS, multiply S E by correction factor |/ =7

« contains . with probability < 1 — «
* probability - 1 —aasn — oo
« exception: for Bernoulli, o = y/p(1 — p) is not estimated
by s, but by replacing p with the sample proportion

, X, are lID ~ N (u, 2) with unknown 2.

06. METHOD OF MOMENTS

modified notation of mass/density functions:

« bernoulli: f(z|p) = p®(1 —p)'~=*, =01
+ parameter space is (0, 1)
- poisson: f(z|\) = *m‘j!ﬂ z=0,1,...

« parameter space is R

parameter estimation

assuming data x1, ..., x, are realisations of [ID RVs
X1,..., X with mass/densny function f(x|0), where 6 is
unknown in parameter space ©.
« 2 methods to estimate 6 :
* method of moments (MOM)
» method of maximum likelihood (MLE)
« for both:
- the estimate of 6 is a realisation of an estimator 4
- SEis SD(6)
- biasis E(d) — 6
« parameter space O: set of values that can be used to
estimate the real parameter value 0

Moments of an RV

the k-th moment of an RV X is
ue = E(XF), k=1,2,...

estimating moments

let X1, ..., X, be lID with the same distribution as X.
the k-th sample moment is

e = o 21_1
s E(ay) = pr = unblased estlmator!
s i is an estimator of pj.. For realisations z1, ..., x5, the
realisation 2 57 | =¥ is an unbiased estimate of 11y,.
* hat (") means estlmator (random variable)
+ note that this violates the uppercase=RY,
Iowercase (fixed)realisation notation

o T = - Z 7
MOM: Poisson

assume xl, ..., xn are realisations of IID Poisson(\) RVs
Let ) be the mean number of emissions per
10 seconds ()\ is a parameter).
¢ let X ~ Poisson()). u1 = A. Estimate A by estimating
411 using sample mean Z, which is an estimator of X.
« the MOM estimator is A = 1i; = X
« the random sample mean

« var(X) = A, var(X) = 2, SE = SD of estimator = \/g

AT+ \/g
MOM: Bernoulli

Assume X1,..., , Xn, are iid Bernoulli(p) RVs.
Finding MOM estimator of p:
s let X ~ Bernoulli(p). = p1=p
* MOM estimator, p = i1 = X
» random sample proportion of 1's

+ SE = SD of estimator = \/m = \/@

MOM: Normal
let X1,..., X, beiid N(u,o?) with parameters 1, o2
for X ~ N(u,0?): parameter space, © = R x Ry

1op=p, p2 =02+ p?

2. express pu = j1; 02 = pp — p?; then add hats

3. MOM estimators:
p=X

(to construct Cl for o2

MOM: Geometric

o2 =137 (X - X)?
tuse S? = since E(S?) = o?)

let 1, ..., zn be realisations of IID Geometric(p) RVs
X1, ..., Xy with expectation 1/p.
« for X ~ Geometric(p) = E(X)= %
s Pr(X =i)=p(l—p)i~lfori=1,2,...
CE(X) =2 ip(l-p) =1
. ,U‘l = % = p= #711 = p = L
+ MOM estimator, p = +
+ then MOM estimate = 1
+SE=SD(1/X) = use monte carlo to approximate
MOM: Gamma
let X1,..., X, beiid Gamma(a, ) RVs with shape

parameter a > 0, rate parameter A > 0

+1

* X ~ Gamma(a,N), E(X) =%, BE(X?) = %
« express parameters in terms of moments:

H1:%7H2*N%:;¥2 ¢>\,#2 Ué*/\ul
* MOM estimators: & = AQ , A= AZ
MOM estimators are consistent
let X1,..., X, beiid with mass/density f(x|6), where
0O CR.

Suppose 0 = g(u1) for some continuous function g.
Then the MOM estimator is consistent (approaches 6 with
more data) .
« the MOM estimator is 6 = g(ji1). as n — oo, fi1 — p1
« since g is continuous, 6 — g(p1) =0

- asymptotic unbiasedness: F(0) — 6

07. MLE

MOM: works through estimating moments - if no formula is
available for SD(0) or E(6), monte carlo can be used
MLE: another estimation method

Likelihood function

let z1, ..., x, be realisations of iid rvs X1, ..., X,, with
density f(z]0), 0 € © C R”.
likelihood function L : © — R is
L(0) = f(21]0) x - - x f(zn|0) =TTy f(2:l0)
loglikelihood function ¢ : © — R is
£(0) =log L(6) = >_iL; log f(x:|0)

Maximum Likelihood Estimation (MLE)

0) =] f(=ilo)
i=1

« maximiser of L, — the maximum likelihood estimate of 6

(a realisation of the MLEstimator é)
« maximiser of loglikelihood ¢ = log L over ©

poisson (log)likelihood/MLE

Poisson(A) : f(z|\) = Xvi!ik

,x=0,1,2,...

*letxzy,...,x, be realisations of iid Poisson(\) RVs
X1,...,Xn. the joint probability of data is
Y @i —nA
F@i|d) x - X flan|X) = 22—

x1!l...xpn!

« likelihood: probability as a function of only A
B = 22
* we can leave out constant factors:
L(\) = AXiz1 mignA
* loglikelihood:
L) = (O @) log A —nA — -7 log(x;!)
* leaving out additive constants:
LX) = (300 i) log A — nA
*MLEof A=z (maximiser of L(\))
« differentiate £(\): £/(\) = @ -
N =0 = A=z
« ¢"(X\) < 0 (thus max point)

normal (log)likelihood/MLE
N(p,02): forz € R,
flzlp o) = —

2mo
sletxzy,...,xy, be realisations of iid N(u, o) RVs
X1,...,Xn. the joint probability of data is
ST —nA
F@iA) x - x flan|A) = A==
« likelihood function: joint density as a function of (1, o)

L(p,0) = f(z1lp, 0) x -+ X f(2n|p, o)
= (27‘{')7%07”‘ 2(72 Z

(z—m)? 1 _(z—w)?
202 = (271—)5(;*1@ 202

(- /»1)2

. Ioglikelihood
p,0) =
* MLE:
*MLEof u=2

*MLEofo =6 =

5 log(2m) —nlogo — 202 S (g — u)?

1 —
n Z?:l(TL —7)2

Gamma distribution

Gamma(a, N) : f(z|a,\) = F(Z>T“*lef>‘w, x>0
* log of density: alog A — logI'(a) + (o — 1) log z — Az
* loglikelihood:

(a—1) Zlogm, —)\zh

=1 =1
« if ais known, then £()\) = nalog A — A" | x;
« differentiate = the ML estimates of («, ) satisfy

’
log(2) — (& +5=0, A=2 where

=5 Xi logz;
« the ML estimators (&, \) satisfy

log($) — & +V =0, A=

-1og(X)—”“;+Y70 A=

ML vs MOM

+ MOM estimates can always be written in terms of the data
(sample moments)
* ML uses *
* ML has better (smaller) SE and bias than MOM
» ML estimates are functions of z and y. MOM never uses y

nalog A — nlogI'(ar) +

[ ><w\

N\‘Sb




Kullback-Liebler divergence (KL)

letq = (q1,...,qr) and p = (p1,. .., px) be strictly
positive probability vectors.

the KL divergence between g and p is

k
qi
dx(a,p) =Y ai log(=-)
i=1 ¢
*dkr(q,p) >0 (equality <= q=p)
*dkr(q,p) # dxr(p,q)

Multinomial

let (z1,...,xn) be strictly positive realisations from
(X1,...,Xn) ~ Multinomial(n, p).
«L(p) =Pr(X1=a1,..., X =x) = cpit ... PR~
=pit...pp* (simplified)
« 4(p) = 1 logpr + - -+ + x log g
» maximising ¢ via KL divergence
« if x is from X ~ Binom(n, p), the MOM and ML
estimates are both p = £

n

« the MOM estimate of p; is ¢; = o

« for any p,
oq) —£(p) =K zilog g — S8, 2 logp;
=ndkr(q,p) >0
*4(q)—£(p)=0 < p=q

Hardy-Weinberg equilibrium (HWE)
let 6 be the proportion of a.
the population is in HWE if
flaa) =6%, f(ad)=20(1-0), f(AA)=(1-0)"
* (e.g. genotypes) Under HWE, the number of a alleles in
an individual has a Binom(2, 0) distribution
« for n randomly chosen people, number of a alleles
(AA, Aa,aa) ~ Multinomial(n, 0)
Multinomial ML estimation
for (X1, X2, X3) ~ Mulfinomial(n, pP)
where p1 = (1 — 0)2, p2 = 20(1 — 0), p3 = 62
« L(O) = (1 —6)%: 212912(1 — 0)*20%%3
— 9222 (1 _ 9)2,7:l+m2 0m2+2m3
* 0(0) = x2log 2+ (21 +x2) log(1—0)+ (x2+2x3) log 0

* ML estimator: § = X212Xs
« SE estimation: w
* X2 + 2X3 is the number of a alleles: Binom(2n, 6)
= var() = W
08. LARGE-SAMPLE DISTRIBUTION
OF MLEs
let X1,..., X, beiid Geometric(0.5) RVs, with mean

X’”«* nZz lX

by CLT, X, and have a normal distribution.

asymptotic normallty of ML estimator
let 6, be the ML estimator of § € © C R, based on iid RVs
X1,..., Xy with density f(x|0).
for large n, the distribution of én is approximately
N(o, 1(0)
where Z(0) is the Fisher information derived from f(z|0)

« 0 is asymptotically unbiased (like MOM)
« E(0,) #0 (biased)
Fisher Information
let X have density f(z|0), 0 € © C RP.
the Fisher information is the p x p matrix

2 1og f
7(0) = — B [ 181 X10)]

2
* Z(0) is symmetric, with (ij)-entry —E [M]

50,50,

* Z(0) measures the information about 6 in one sample X.

Asymptotic normality: Bernoulli

X ~ Bernoulli(p) : f(z|p) =p®(1 —p)=%, 2=0,1
Fisher information
* log f(X|p) = Xlogp+ g(l — X)log(1 —p)
« differentiate i X _1=X
P 171)

. d? . X  1-X

differentiate d; po il Sp
. _ _p(dTlogf(X[p)y _ 1

Z(p) = —E( dp? )= p(1—p)

* minimised at p = 0.5

Asymptotic normality
for X1,..., X, iid Bernoulli(p) RVs,

} . Lo . 1
Fisher information in ieach Xt Z(p) = PIeE=)]
* ML estimator p = X
« for large n, p ~ N (p, "(1*"))

«E(p) =p, var(p) =212
Asymptotic normality: Geometric
X ~ Geometric(p) : f(z|p) =p(l —p)l—=
Fisher information
» log f(X|p) = logp +)§X —1)log(1 —p)
« differentiate d : -
P p

. L- 1 X-1

differentiate d 2 T Gop)?
. _ 2 log f(X\p) 1 1 _ 1

Z(p) = E( dp? )= pa-p T p?2 T p2(1-p)
Asymptotic normality
for X1,..., Xy iid Geometric(p) RVs,
Fisher information in each X;, Z(p) = Pl g

» ML estimator p = +
2

« for large n, distribution of p ~ N <p7 M)

« E(p) > psince E(p) =

* likely var(p) # P ('7”)

Asymptotic normality: Normal

Fisher information
X ~ N(u, o?) 0= (u, a)

f(z|0) = \/Tm exp{— M }, zeR
2
* log f(X|0) = % log 2w — log o — (2;2‘2
_ (X—p)?
=c- log 7= 202n
- differentiate ;2 = X5t L= 14 (X
52 62
. di ot A2 .| G2 Spdo
differentiate 207" 5“2 52

1
d2log £( X0 —~ 0
- T(9) = —B(TRESXI0)) [fg 4

Asymptotic normality

for X1,..., Xn iid N(p, o )RVs 0= (u,0),

OQN‘,_\.

Fisher information in each X; : Z(0) = {

UYr o
P

« ML estimator § =

;)
« forlarge n, § ~ N [“}, n 5

are expectation and variance exact?
« a positive random variable cannot be exactly normal!

= 2
* X ~ N(u,%2-) = exact
* &~ N(o, Qi) = not exact! E(6) # o since o > 0
normal data

forxq,..., ,Zn ID N(p, o ) RVs with large n,
ML estimatesof pandoarez = ... ando = ...

2
"— 0
« for approximate variance { n 2} s

2n
SEs of Z and & are estimated as f and \/ﬂ
« approximate (1 — a) -Cl:
o :ifz% ,erz% n)
Ao — pa S 5 -
g (U 25 271’U+Z§ \/271)

Gamma distribution
X ~ Gamma(a, N),
flzla, X)) = F(Z) z@ le= A 2 >0
log f(X) = alogX —logT'(a) + (o — 1) log X — AX
let (o) = % log I'(«):
(¢(a) = digamma function, ¢’ (o) = trigamma function)

. (Slogg& log A — ¥ (a) + log X
. (Slogj(X)
2 ED) )\ -X
521 X
P TR = —y/(a)
L 0%log f(X) .«
S22 Y
5%log f(X) _ 8%log f(X) _ 1
Sadh oAda A
/ _1
T = [ 2]
X A2

Approximate Cl with ML estimate

0., is the ML estimator of € © C R based on iid RVs
X1,...,Xn.0<a<1
« for large n, approximately Oy ~ N(6, 2(97? ).

for0 < a < 1,

1—a=Pr <fz — b <0

a < z
=3 ,7( ) T In =3 >
« the random interval

(én—ZQ\/I(O) On-‘,-ZQ \/M>
2 n

covers 0 with probability ~ 1 — «

* MLE: ML estimate of ¢, SE: 1/ 1(97371 with 0 replaced by
MLE
« approxiate (1 — «) — CI for @ is
(MLE — zg SE,MLE + < SE)

Scope of asymptotic normality of ML
estimators
- for iid normal RVs, let & be the ML estimator of o. then 52
is the ML estimator of o2
+ both & and 52 are asymptotically normal
. % is also asymptotically normal
« let 6™ be the ML estimator of 6. For strictly increasing or
strictly decreasing h : © — R, h(0™) is the ML estimator
of h(0).
- for large n, h(6™) is approximately normal

population mean vs parameter

for n random draws with replacement from a population with

mean p and variance o2,

Estimator | E var Distribution
2
random sample mean, [/ 14 % =~ normal
~ (O -1
ML estimator, Qn ~ 0 ~ ( ")L =~ normal

6, is not normal (but may approach normal for large n)

summary

let X have density f(x|0),0 € © C RF.
The Fisher information at 6 in X is the k£ x k& matrix
_E d?log f(X]0)
d6? :
let én be the ML estimator of 6 based on iid RVs
X1,..., Xy with density f(z|0).
For large n, the distribution of O, is approximately
—1

N (9., @~ )

= SE can be estimated without monte carlo
= accurate Cls are available

skipped: Fisher information in [ID samples; binomial fisher
information, MLE; HWE trinomial fisher information

dl XA
E( og 5)(\ \ )) =0

Cramér-Rao inequality

~ ~ —1
if 6, is unbiased, then var(6,,) > %

efficient < equality

09. HYPOTHESIS TESTING

let z1,. ..,y be realisations of IID N (i, o?) RVs
X1,...,Xn where p is a parameter and o is known.
null hypothesis, Hp : ;1 = uo
alternative hypothesis, H; : 1 = 11

It is believed that 1+ = o, but it might be 141. 2 methods to
test if Hp should be rejected in favour of H; using z:
« if z falls inside the rejection region, we reject Hy
 based on a choice of « (type I error)
+ P value — the probability that X is more extreme than z,
assuming Hy is true. (if small, doubt Hy)
*» based on an observed test statistic
if o is unknown or 1, ..., &y % N(u,02), we can use CLT

Rejection region

Z1,...,oy are from IID N (u, o?) RVs, with o known



One-tailed test
Ho:p=po, Hi:p=p1>po
under Ho,

X~ Npo, %), X248~ N(0,1)

a= Py (X > po+c¢)=Pr(Z >

Za ﬁ
(for some ¢ > 0)

o) TS

s reject Hoif £ — o > ¢
T is the test statistic
« interval (1o + za ﬁ.,
. i -
for a test of size o, ¢ = 2z, Tn

00) is the rejection region

Hypothesis | T <po+c T > po+c
Hp : p= po v’ not reject H x (I) reject Hg
Hy:p=p1 | xX(IT)notreject Hy v reject Hg

« type I error: rejecting Hp when it is true
« type I error: not rejecting Hp when it is false

Size and power

« size of a test — probability of a Type I error
s o= Py, (X >po+ec)
« aka level
» power of a test — 1— probability of a Type 11 error
*B:=Pg, (X >po+c) = power=1-p
e asn — oo, power — 1
* increasing power of rejecting Ho
+ « and f3 are both about the same event (X is in the
rejection region), but calculated under different
hypotheses (Hop, H1)
*tTec: la,l B (Jtype I error, 1 type I1 error)
» commonly o = 0.05
» keep o small since Hy is the default hypothesis

Null (black) vs Alternative (red)

density
010 015
L L
—~—
-
_— .

005
L

Two-tailed test
x1,..., Ty are fromiid N(u, 02) RVs, o known

Ho:p=po, Hi:p=p #po
« reject Hy if [z — p1o| > ¢, forsome c > 0
- rejection region: (—oo, po — ¢) and (o + ¢, o)

* o= Py (|X —po| > c) = Pr(‘Z‘ - a/f)
=2Pr (Z> a/f)

cc=za Ln
-rejectlon region: (—co, juo—zg %) A

N
(Mn+z% ﬁo@)

Composite hypothesis
« simple hypothesis — specify a single value
(Ho : pp = po, Hi : pp = p1)
« composite hypothesis — range of values
* one-tailed test: Ho : = po, H1 : p > po
« rejection region: (po + za \}’R, 00)
= no change since it doesn't involve 111
« two-tailed test: Ho : po = po, Hi: p # po
« rejection region:
(=00, po—zg A (Rotzg 75,00)
= no change since it doesn't involve 11
« if Z falls outside the rejection region, i.e.
o = o
Ho — zg 7o Sxﬁmr&-z%ﬁ
- then Hy is NOT rejected at level o
1o liesin the (1 — «)-Cl for p
*asn — oo, power — 1

Hypothesis testing and ClI
the (1 — «)-Cl for p, (56 —zg i,z +z2g n)

consists of the values 1o for which the test
Ho : = po, Hy : p# po is not rejected at level a.

P-value

« P-value — the probability under H that the random test
statistic is more extreme than the observed test statistic
» small p-value = more "extreme” (more doubt)
e reject Hp atlevel o« <— P < «
« generally, P-value for two-tailed test is double that of
one-tailed test

formulae for P-value

Hy:p> po
P = Pyy(X > ) =Pr (2> 2742

Hy:p < po
P="Py, (X <z)=P <Z<U/ﬁ)

1R FE po

P = Puy(1X = ol > |7 = pol) = Pr (2] > 272l

o/
10. GOODNESS-OF-FIT

« likelihood ratio (LR) test — based on the ratio of
likelihoods
« P-value can be approximated using x? distribution for
a large sample size

multinomial

let X ~ Trinomial(n, p). by HWE, p is a function of 6 as
follows: p1 = (1 — 0)2, pa = 20(1 — 0), p3 = 62
let L1 and Lo be the maximum likelihood value for the
general model (T'rinomial(n, p)) and the HWE.
« L1 > Lo (Lo is the maximum over a subset of L)
* general trinomial
+ likelihood, L(p) = pflp?pﬁ*
* ML estimate of p is 7
 log L1 = w1 log( I" )+x2 log(mz )+x3 log(z?’ )
« HWE:
« likelihood, L(6) = p1(0)*1p2(0)“2p3(0)™3
« ML estimate of 0 is £2+223
* larger L1 /Lo = poorer fit for HWE

LR test

« null hypothesis: HWE holds
Ho:p1 = (1—0)2, pz =20(1 —0), p3 = 6>
- LR test statistic: 2 log (f = 2(log L1 — log L)
« degree of freedom = difference in the number of
parameters between the models
« general model has 2 params, HWE has 1 param

* P-value = Pr (X% > 210g(%))

Nested models

the set of all Trinomial(n, p) distributions
can be represented by
Q1 = {(phpzap:s) ipi >0, 37 pi= 1}
which has dimension2  (dim Q2 = 2)
» by HWE, p is in the subset
Qo ={((1-0)%2001-0),6%):0<0<1}
(dim Qo = 1)
* Qo is nested in 2

» measure goodness-of-fit of HWE by testing Hp : p € (2o

General Multinomial LR test

let (X1,...,Xk) ~ Multinomial(n,p). then p € Q,
the set of all positive probability vectors of length k.

to test if p is in a subspace
Qo= {(P1(0),...,pr(0)): 0 €© CR"}
with dim Qg < dim 2y =k — 1
let L; be the maximum likelihood value under €2;.
To test Hp : p € €20, we use the LR statistic,
G = 2log(%)

- for Qi log Ly = 32| X;log(21)
« for Qo: log Lo = Z]-“,I X; log p; (0)

G=2YL,% log(np (9))

given data (z1,...,zn), let g be a realisation of G.
P-value Pp, (G > g) is approximately
Pr(x? | gim , > 9) for large n.
* to compute g, replace
« X; with observed count x;
« np; (A) with expected count, calculated using ML
estimate of 6

Test of independence

for a population with attributes ¢ and r, let p;; be the
population proportion of people with ¢ = ¢; and r = ;. for
any i, j, pij = qi X rj.
elet (X5;,1 <i<1I,1<j<J)~ Multinomial(n,p).
p € Qi,wheredimQy =1J—-1=k—1.
* Hy : the two categories ¢, r are independent
« if ¢, r are independent, then 3 positive numbers
21‘1:1 qi = Z(jjzl r; = lsuchthatp;; = q; X rj,
1<i<I,1<j;<J
cdimQo=I-1)+(J-1)=I+J-2
e dimQq —dimQo = (I —1)(J —1)
« under independence (Hy), for large n, approximately
G~ Xf]—l)(‘lfl)

G statistic
forany i, let X; = Z'].]:I Xij-
forany j,let X; = >0 X,
Xij

. Ql . ]Ong = Z” XZJ log (Tj)
* Qo

log Lo = 32, Xt 1og( 1*) +3,; X log (
* G =2(log Ly —log Lo) =23%,; X;j log (
* the data z;,; are the observed counts
« the data z; 1 = ; /n are the expected counts
. P — 2

P-value = Pr (X(Ifl)(lfl) > g)

General LR test
we have n iid RVs with density defined by 6 € 2; of
dimension k1 ; nested in {27 is a smaller model 2 of
dimension k.
Hp:0 € Qo H]:@GQ]\QO
to test Hy : 6 € Qg, we use LR statistic
G = 2log (i—(l)
where L is the maximum likelihood value over €2;.
for large n, the P-value can be approximately computed,
because:

)

X )
Xit Xtj/n

if 0 € Qp,asn — oo,
the distribution of G’ converges to xil ko

Normal LR test

x1,...,xn are formiid N(u, o) RVs. to test Hy : pu = 0:
o | 9 [k Qo | ko
known R 1 {0} 0
unknown | R x R4 {0} xRy | 1
under Hy, for large n, approximately G' ~ X%
« case 1: o known .
M Ql : lOgL1 = _ggi
-Qo:logL():—ZL‘;2 .
«G=2(og Ly —log Lo) = %
. = 2
« if Ho holds (u = 0), then X ~ N (0, 2-). for

any n, G ~ x? exactly.
+ case 2: o unknown
*Qyilogly = -3 log 62 —
*Qo:loglo =—73logjiz — 5
* G =2(ogLi —logLo) = nlog(é%
« if Hp holds (1 = 0), for large n, G ~ X% approximately

n

Summary

* LR test applies when the investigator wants to know the
goodness-of-fit of a model relative to a larger model, of
dimensions kg < k1.

« test statistic, G = 2 log

* Lo, L1 are the maximum likelihood value under the
small and large models

- if n is large, the P-value Pr(G > g) (computed provided

Hy is true) can be approximated by a Xi _ 1, distribution
1 0
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