
{(1 + s, 2s, s)∣s ∈ R}

 { x = t

6 = 2t − 1

x  ,x  , … ,x  =1 2 n 0

cR  , c  =i Ĝ 0

R  ↔i R  j

R  +i cR  , c ∈j R

R  i



B = C

A

B  1 B  2 m × + AB  =1 AB  2

B  =1 B  2

C  1 C  2 m × + C  A =1 C  A2

C  =1 C  2

A =   [ a

c

b

d
]

A =À1
   

ad À bc

1 [ d

Àc

Àb

a
]

A,B c

cA (cA) =À1
 A

c
1 À1

AT (A ) =T À1 (A )À1 T

AÀ1 (A ) =À1 À1 A

AB (AB) =À1 B AÀ1 À1

(A ) =+ À1 (A )À1 +

A,B AB = I

A B

A =À1 B; B =À1 A

BA = I

A,B

A AB BA

AB A B

(A ) =T T A

(A + B) =T A +T BT

c (cA) =T cAT

(AB) =T B AT T

A =   [ a

c

b

d
]

A ė det(A) = ad À bc  =Ĝ 0

A ė

A5 = 0

if A is an invertible matrix, then 

A =À1
 adj(A)

det(A)
1

5  =i  det(A)
det(A  )i

det(A  )i i1h

A b

E  E  E  A =3 2 1 B

A = E  E  E  B1
À1

2
À1

3
À1

if E is an elementary matrix of the same size as A,
det(B) = det(E) det(A) = det(EA)

A  ē
kR  +

B µ det(B) = k det(A) ; det(E) = k

A  ē
R  ↔R  + m

B µ det(B) = À det(A) ; det(E) =
À1

A  ē
R  +kR  + m

B µ det(B) = det(A) ; det(E) = 1

A,B + c

det(cA) = c det(A)+

det(AB) = det(A) det(B)

det(A ) =À1
 det(A)

1

det(A) = det(A )T

det(A) = 0



R+

the general solution to the linear system   {5 + 6 + 7 = 0
5 − 6 + 27 = 1

(5, 6, 7) = (  −2
1

 1, −  +2
3

2
1

 1, 1) where 1 ∈2
1 R

{(5, 6, 7) ∣ 5 + 6 + 7 = 0 and 5 − 6 + 27 =
1}

(  −  1, −  +  1, 1) ∣ 1 ∈ R{ 2
1

2
3

2
1

2
1 }

V V = R+ V

R+

W V W W ⊆
V

W R+ V

Let S = {2  ,2  , ⋯ ,2  } ⊆1 2 + R .+

0 ∈ span(S)

∀3  , 3  , … , 3  ∈1 2 / span(S) c  , c  , … , c  ∈1 2 / R,

c  3  +1 1 c  3  +2 2 ⋯ + c  3  ∈/ / span(S)

let S = {2  ,2  , … ,2  }1 2 +

0-a+(S) = R ė+  the linear system 

     is consistent ∀k  , k  , … , k  ∈

⎣⎢
⎢⎢⎢
⎡ 2  1

2  2

⋮
2  +

k  1

k  2

⋮
k  +

! 
   
�

1 2 + R

S V

S

S V

V V

∅

the coordinate vector of V  relative to S,
(3)  =0 (c  , c  , … , c  ) ∈1 2 k Rk

(3)  0

[3]  0

3 ∈ V ⊆ R+ (3) ∈0 Rk +  =Ĝ
k

E = {e  , e  , … , e  }1 2 + e  =1

(1, 0, … , 0), e  =2 (0, 1, … , 0), e  =+ (0, 0, … , 1)

R+

(2)  =E (2  ,2  , … ,2  ) =1 2 + 2

ė

2, 3 ∈ V ,2 = 3 ė (2)  =S (3)  S

3  , 3  , … , 3  ∈1 2 / V c  , c  , … , c  ∈1 2 / R
(c  3  +1 1 c  3  +2 2 ⋯ + c  3  )  =/ / S c  (3  )  +1 1 S c  (3  )  +2 2 S

⋯ + c  (3  )  / / S

R+

Let V  be a subset of R . V  is a subspace of R  if + +

V = span(S) for some vectors 2  ,2  , … ,2  ∈1 2 k R .+

A subspace V ⊆ R+

(i) (Contains the origin) O ∈ V

(ii) (Closed under linear combinations) ∀2, 3 ∈
V ,D,E ∈ R,D2 + E3 ∈ V

V S

V 2  ,2  , … ,2  1 2 k

S V

2  ,2  , … ,2  1 2 k V

dim(V ), V

V

dim(R ) =+ +

V k S V

S V

S S V

S ∣S∣ = k

S V ∣S∣ = k

S V

S

S V



REF has no zero row ⇒ 0-a+(S) = R+

Let S = {2  ,2  , ⋯ ,2  } ⊆1 2 k R .+

k < + ⇒ 0-a+(S)  =Ĝ R+

R2

R3

span{2  ,2  ,2  } ⊆1 2 3 span{3  , 3  }1 2

2  ,2  ,2  1 2 3 3  , 3  1 2

[ 3  3  ∣1 2 2  ∣1 2  ∣2 2  ]3

span{2  ,2  ,2  } ⊆1 2 3 V

2  ,2  1 2 V

if 3  , 3  , … , 3  ∈1 2 * 0-a+(S) ⇒
0-a+{3  , 3  , … , 3  } ⊆1 2 * 0-a+(S)

A = B

A ⊆ B ∧ B ⊆ A

c  2  +1 1 c  2  +2 2 ⋯ + c  2  =k k 0 (∗)

S = {0}

S

S

ė

3  , 3  , … , 3  1 2 / V ė
(3  )  , (3  )  , … , (3  )  1 S 2 S / S

Rk

ė
Rk

span{3  , 3  , … , 3  } =1 2 / V ė
span{(3  )  , (3  )  , … , (3  )  } =1 S 2 S / S Rk

A

A5 = 0

det(A)  =Ĝ 0

A R+

A R+

2  k 2  ,2  , … ,2  ,1 2 k−1

0-a+{2  ,2  , … ,2  } =1 2 k−1 0-a+{2  ,2  , … ,2  ,2  }1 2 k−1 k

∣S∣ = k

Let U  be a subspace of vector space V .
Then  dim(U) ≤ dim(V ).

If  dim(U) = dim(V ) then U = V .

T V ∣T ∣ > dim(V )

P =     [ [2 ]  1 T [2  ]  2 T ⋯ [2  ]  k T ] S =
{2  ,2  , … ,2  }1 2 k

    [ T ∣ S ] ē
G-J Elimination

   [ I ∣ P ]
[4]  =T P [4]  S

P S T

P−1 T S



R+ A

= span{/  , /  , � , /  } â1 2 * R+

=  column space of AT

 where A =    , /  =⎣⎢⎢
⎡ /  1

÷
/  *
!  
⎤

i     ,[a  i1 a  i2 ø a  i+]

or A =    , c =[c  1 ø c  +]    ⎣⎢⎢
⎡a  1'

÷
a  *'

!  
⎤

R+

A

= span{c  , c  , � , c  } â1 2 + R+

=  row space of AT

= {A2 Ë 2 ¾ R }+

ė

✓

rank(A) = min{*,+} A

* j +

ė det(A)  =Ĝ 0

rank(0) = 0, rank(I  ) =+ +, rank(A) = AT

rank(A) Ú min{*,+} * j + A

rank(AB) Ú min{rank(A), rank(B)}

A5 = b

ė b A

ė A (A Ë b)

A5 = b

ė A {0}

3 A5 = b

= {2 + 3 Ë 2 is an element of the nullspace of A}

A

A5 = 0

A A

nullity(A) = dim(nullspace of A)

nullity(A) Ú dim(R ) =+ +

rank(A ) +T nullity(A ) =T number of rows in A

rank(A) + nullity(A) = number of columns in A



d(u, v) = Ìu À vÌ

Ì u Ì=  =u ô u  u  + u  + ø + u  1
2

2
2

n
2

u ô v = uv =T
 u  v  ∑i=1

n
i i

= u  v  +1 1 u  v  +2 2 ø + u  v  n n

u v

K = cos (  ) =À1
ÌuÌÌvÌ
uôv cos (  )À1

2ÌuÌÌvÌ
ÌuÌ +ÌvÌ ÀÌuÀvÌ2 2 2

R :n K = cos (  )À1
ÌuÌÌvÌ

u  v  +u  v  +ø+u  v  1 1 2 2 n n

Ìu À vÌ =2 ÌuÌ +2 ÌvÌ À2 2ÌuÌÌvÌ cos K

u ô v = v ô u

w ô (u + v) = w ô u + w ô v

(cu) ô v = u ô (cv) = c(u ô v)

(u ô v) ô w  =Ĝ u ô (v ô w)

ÌcuÌ = ËcËÌuÌ

u ô u Û 0

u ô u = 0 ė u = 0

Ëu ô vË Ú ÌuÌÌvÌ

Ìu + vÌ Ú ÌuÌ + ÌvÌ

d(u,w) Ú d(u, v) + d(v,w)

u ô v = 0, K =  2
S

0 Rn

µ

⇏

E = ]e  , e  , � , e  _1 2 n Rn

0

S V

S µ

ËSË = dim(V ) span(S) = V

LetaS = ]u  ,u  , � ,u  _abeaanaorthogonalabasisaforaV .1 2 n

Thenaforaanyaw ¾ V ,a

w =  u  +
u  ô u  1 1

w ô u  1
1  u  +

u  ô u  2 2

w ô u  2
2 ø +  u  

u  ô u  k k

w ô u  k
k

(w)  =S  ,  , � ,  (
u  ô u  1 1

w ô u  1

u  ô u  2 2

w ô u  2

u  ô u  k k

w ô u  k )

LetaS = ]u  ,u  , � ,u  _abeaanaorthonormalabasisaforaV .1 2 n

Thenaforaanyaw ¾ V ,a
w = (w ô v  )v  +1 1 (w ô v  )v  +2 2 ø + (w ô v  )v  k k

(w)  =S (w ô v  , w ô1 v  , � , w ô2 v  )k

u ¾ Rn V u

V

V Rn ]u  ,u  , � ,u  _1 2 k

V

foraanyaw ¾ R ,n

 u  +
u  ô u  1 1

w ô u  1
1  u  +

u  ô u  2 2

w ô u  2
2 ø +  u  

u  ô u  k k

w ô u  k
k

isatheaprojectionaofawaontoaV .

V Rn ]v  , v  , � , v  _1 2 k

V

foraanyaw ¾ R ,n

(w ô u  )u  +1 1 (w ô u  )u  +2 2 ø + (w ô u  )u  k k

isatheaprojectionaofawaontoaV .



u ¾ Rn Ax = b

ė p = Au b A

ė p = Au b A

p u V

d(u, p) Ú d(u, v) afQTaallav ¾ V

Ì b À Au ÌÚÌ b À Av Ì afQTaallav ¾ Rn

u Ax = b

ė b = Au a  , a  , � , a  1 2 n A =
[a  a  � a  ]1 2 n

ė u A Ax =T A bT

x ė Ax = p

p b A

A Ax =T A bT

A

b

u A Ax =T A bT

Au u

A =À1 AT

S T

P S T

P

P =T P =À1 T S

E = ]e  , e  _1 2 S = ]u  ,u  _1 2 e  , e  ,u  ,u  1 2 1 2

x, y,x , y� �

u  =1 (cQU K, Uin K) = e  cQU K +1 e  Uin K2

u  =2 (À Uin K, cQU K) = Àe  Uin K +1 e  cQU K2

S E

P =   [cQU K
Uin K

À Uin K
cQU K ]

PT E S

xy x y� �

v = (x, y) ¾ R , (v)  =2
S (x , y )� �

 =[x�

y� ] [ v ]  =S P [ v ]  =T
E    [ cQU K

À Uin K
Uin K
cQU K] [x

y
]

x =� x cQU K + y Uin K
y =� Àx Uin K + y cQU K

A

A Rn

A Rn



A n

u ¾ Rn

Au = Nu N

u A N

Au ¾ span]u_

u, v,w [ u v w ] A[ u v w ] =À1

[N  N  N  ]u v w

N A

ė »u ¾ R \]0_ Ën (NI À A)u = 0
ė det(NI À A) = 0

A det(NI À A) = 0

A det(NI À A)

ė

E  N E  (A)N A

N

A N

u Au = Nu

(NI À A)x = 0

Rn

u E  N u A

N

P

P APÀ1

P A

n j n A ė A n

A N  =i Ĝ 0 i

A =À1 P       P

⎣⎢
⎢⎢⎢
⎡N  1

À1

0

÷
0

0
N  2

À1

÷
0

ø
ø

ù
ø

0
0

÷
N  n

À1! 
   
⎤

À1

m ¾ Z+

A =Àm P       P

⎣⎢
⎢⎢⎢
⎡N  1

Àm

0

÷
0

0
N  2

Àm

÷
0

ø
ø

ù
ø

0
0

÷
N  n

Àm! 
   
⎤

Àm

P P AP =T D D

ė A =T A

P A



A

Ax = 0

det(A)  =Ĝ 0

A Rn

A Rn

rank(A) = n

0 A

A

det(NI À A) = (N À N  ) (N À1
r  1 N  ) ø (N À2

r  2 N  )k r  k

YhereaN  , � ,N aareadistinctaeigenXaluesaofaA.1
k

Aaisadiagonali\ablea
ė dim(E  ) =N  i

r  aforaeachaeigenXalueaN  i i

ė Ë S  ËN  i
= r  i

r  +1 r  +2 ø + r  =k n

r  i

A n A



R £+ R*

: R £+ R*

+ = * T R+

T    =

⎝⎜
⎜⎜⎜
⎛

   

�⎢
⎢⎢⎢
⎡5  1

5  2

÷
5  +
! 
   
�
⎠⎟
⎟⎟⎟
⎞

         

�⎢
⎢⎢⎢
⎡a  11

a  21

÷
a*1

a  12

a  22

÷
a  *2

ø
ø

ø

a  1+

a  2+

÷
a  *+

! 
   
�
�⎢
⎢⎢⎢
⎡5  1

5  2

÷
5  +
! 
   
�

=       

�⎢
⎢⎢⎢
⎡a  5  11 1

a  5  21 1

÷
a  5  *1 1

a  5  12 2

a  5  22 2

÷
a  5  *2 2

ø
ø

ø

a  5  1+ +

a  5  2+ +

÷
a  5  *+ +

! 
   
�

fora(5  ,5  , � ,5  ) ¾1 2 +
T R+

(a  )  ij *j+ T

V W

T : V £ W ė

T (c2 + d3) = cT (2) + dT (3) ¹2, 3 ¾ V c, d ¾ R

I : R £+ R+

I I  +

I R+

O : R £+ R*

O 0  *j+

T : R £+ R*

T (0) = 0

2  ,2  , � ,2  ¾1 2 ( R+ c  , c  , � , c  ¾1 2 ( R
T (c  2  +1 1 c  2  +2 2 ø + c  2  ) =( ( c  T (2  ) +1 1 c  T (2  ) +2 2

ø + c  T (2  )( (

T : R £+ R*

A     [T (e  )1 T (e  )2 ø T (e  )+ ]

T (e  ) =i Ae  =i    =

�⎢
⎢⎢⎢
⎡a  1j

a  2j

÷
a  *i

! 
   
�

i1h A

R+

leta{2  ,2  , � ,2  }abeaaabasisaforaR .1 2 +
+

foraanyavectora3 ¾ R ,a3 = c  2  + c  2  + ø + c  2  

+
1 1 2 2 + +

forasomeac  , � , c  ¾ R1 +
+

{2  ,2  , � ,2  }1 2 +

T (3) 3

T (2  ),T (2  ), � ,T (2  )1 2 +

T S R+ R(

(T Å S)(2) = T (S(2)) 2 ¾ R+

2 ¾ R+ (T Å S)(2) = T (S(2)) = T (A2) = BA2

BA T Å S

T R(T ) T

R(T ) = {T (2) Ë 2 ¾ R } â+ R*

R(T ) = span{T (2  ),T (2  ), � ,T (2  )}1 2 +

R(T ) = A

T R(T )

rank(T ) = dim(R(T )) = dim(columnaspaceaofaA) =
rank(A)

T ker(T ) R+

R*

ker(T ) = {2 Ë T (2) = 0} â R+

ker(T ) = A

T ker(T )

nullity(T ) = dim(ker(T )) = nullity(A)

rank(T ) + nullity(T ) = +

= rank(A) + nullity(A)
= numberaofacolumnsainaA


