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01. FUNCTIONS & LIMITS

Rules of Limits

1. lim (f £ g)() = L+ L/

H — /
lim (fg)(x) = LL

lim £(z) = L/ , provided L” # 0

z—a 9

lim kf(x) = kL for any real number k.
r—ra

Eal

02. DIFFERENTIATION

extreme values:
f(x)=0
« f/(z) does not exist
+ end points of the domain of f

. d
Py _ d(dl): ar ()
dx? dx

parametric differentiaton:

Differentiation Techniques

f(z) f'(x)

tan x sec?

cscx —cscxcotx

sec T secx tan x

cotx —csc2x

al (@) Ina- f'(z)al )
log, f(z) log, e J}((,f;

- f(x
sin™! f(x) 717[“;)]27 If(2)|<1

_ ()
os™! f(x) T ATer M@i<t
an”" f(x) 1+f[f((z))]2
cot™! () o
ec—l f(x) f/(z>
: @V @R -1
1y _ I (x)
sc” (@) @IV @21

L'Hopital’s Rule

= lim f(z)

lim
z—axg 9 (1

z—zo 9(@)

« for indeterminate forms (9 or %), cannot directly substitute

0
xr = Q.
« for other forms: convert to (g or %) then apply LHopital’'s
rule

« for exponents: use In, then sub into e/ ()

03. INTEGRATION

Integration Techniques

f(z) J (=)
tanx In(secz), |=| < &
cotx In(sinz),0 <o <=
cscx —In(cscx + cotz),0 <o < =
sec In(secz 4 tanx), |=| < T
1 1 T
TTraT L tan~1(%)
1 sin~H(Z), |z <a
1 _
saIn(izg) e >a
1
5 ln(ifi) @ <a
x x
a? Tna

L [T ft)dt = f(z)

« indefinite integral — the integral of the function without any
limits

« antiderivative — any function whose derivative will be the
same as the original function

substitution: ff f(9(®)g (z)dx = fgg(f) f(u)du

by parts: [ wv’ dz = uv — [v/'vdz

Volume of Revolution

about x-axis:
+ (with hollow area) V = 7rfb f(7c)]2 l9(2)]?dz
- (aboutliney = k) V = [*[f(x) — k|?dx

04. SERIES

Geometric Series

sum (divergent) sum (convergent)
a(l—r™) a
= 1—r

Power Series
power series about x = 0
o0
S ena™ =co+crx 4 cox? 4 ...
n=0
power series about x = a (a is the centre of the power series)
OO
S ez =co+ci(z—a) Fea(r—a)® +...
n=0

Taylor series

00 Lk
> f k(la) (x — a)k
k=0 '

MacLaurln serles
£
flx) = Z A
Taylor polynomlal of fata:

nook
Pr(z) = kZ:O { lc<!a) (z —a)*

Radius of Convergence

. . u.
power series converges where lim |~2FL| < 1
n—oo  Un

converge at R lim |22
n—oo  Un

T=a 0 00

(x —h,xz+h) h,ﬁ N |z —al

all z e 0

MacLaurin Series

For —oco <z < o0
oo n 2n+1
. _ (="
s = Z ENCIESY

(—D"ma2n
cosmfnzo 7
o0
e’ = ﬁ
For-1<z<1
1 = n
1—x = Z x
n=0
1 = n
s = 2 ()e
n=0
1 & n.2n
e = X ()
oo n—1_n
In(l+a) =) 7
n=1
1 _ = (*1)71 2n—+1
tanTlz = 3 S
n=0 §
1 & n—1 n—1
e = 2, (7D ne
n=1
1 § n—1
_—— = nr
(1—=)? n=1
oo
1 1 -
oo =3 2 nn—han?
k _— o (k o)
n=0

=14 ko4 BED 2 4

Differentiation/Integration

For f(x) =
n=0
differentiation of power series:

o0
f'(z) = 3 nea(z —a)" !
n=0
integration of power series:
z—1)" +1

ff( dxizc'b n+1 te

if R = oo, f(z) can be integrated to fol f(z)dz

05. VECTORS

unit vector, p = ﬁ

AXPug ratio theorem
__ pa+Ab
T A
a
midpoint theorem
_ a+b
o - 2

o0
S en(z—a)*and a—h <z <a+h,

Dot product
a-b=|allb|cosb

ay by
<"2> . <b2> = a1b1 + a2b2 + azbs
a3 b3

alb=a-b=0
al|b=a-b=allb|

a-b>0:aisacute
a-b<0: aisobtuse

Cross product
a x b= |al|b|sinbn
ay b1 azb3—13ba
(az) . <b2> = <7(a]b37a3b1)>
a3 b3 a1bz—agby
alb=axb=|allb axb=—(bxa)
a|llb=axb=0 Aa X pub = Au(a x b)

Projection
j |ON| = la- b| = 52
| =~ CBVE _ la-b]
o b N B ON = (a-b)b = |b]?
AANO = 1|04 x ON|

Planes
Equation of a Plane

n is a perpendicular to the plane; A is a point on the plane.
* parametric: » = a + Ab + pc

e scalarproduct: - m =a-n

« standard form: » - n = d

« cartesian: az + by +cz =p

Length of projectionof aonmn = |a - n| =L fromOto 7

Distance from a point to a plane

Shortest distance from a point S(zo, Yo, z0) to a plane
II : ax + by 4+ ¢ = d is given by:
lazo+byo+czo—d|

06. PARTIAL DIFFERENTIATION

Partial Derivatives
For f(z,y),

first-order partial derivatives:
fT:%f(‘Ly) fy = dyf('L y)
second-order partial derivatives:
f’l‘T = (fr)T = %fm fa:y - (fT)y = d%,fr
Jyy = (fy)y = %ny fyz = (fy)e = %fy

Chain Rule
For z(t) = f(=(t), y(t)),

dz 9z dx Oz dy

E_axdt+0ydt

For z(s,t) = (:c( t),y(s, t))

9z 9z Oz + 9z Oy

ot Ox Ot dy ot
9z _ 9202 | 920y
s — Oz Os dy Bs



Directional Derivatives

The directional derivative of f at (a, b) in the direction of unit
vector & = w1t + uzj is
Duf(“v b) = ,/.I(aa b) sul + .fy(aa b) s u2

T
- geometric meaning: D, f(a,b) is the gradient of the

tangent at (a, b) to curve C on a surface z = f(z,y)
« rate of change of f(z,y) at (a, b) in the direction of w

Gradient Vector

The gradient at f(z, y) is the vector
Vf=fei+t+ fy]

Dy f(a,b) =V f(a,b)-u
= |V f(a,b)|cosb

« f increases most rapidly in the direction V f(a, b)
« f decreases most rapidly in the direction —V f(a, b)
« largest possible value of D, f(a,b) = |V f(a,b)]
- occurs in the same direction as f5 (a, b)i + fy(a,b)j

Physical Meaning

Suppose a point p moves a small distance At along a unit
vectQ&ﬁ to anew point q.
increment in f,
Ed Af =~ Duf(p)(At)

Maximum & Minimum Values

f(z,y) has a local maximum at (a,b) if f(z,y) < f(a,b)
for all points (x, y) near (a, b).
f(z,y) has a local minimum at (a, b) if f(z,y) > f(a,b)
for all points (x, y) near (a, b).

Critical Points

* fz(a,b) or fy(a,b) does not exist; OR

* fz(a,b) =0and fy(a,b) =0
* f2(0,b) < 0- maximum point along the x axis
* fy(a,0) > 0 - minimum point along the y axis

Saddle Points

* fz(a,b) =0, fy(a,b) =0
« neither a local minimum nor a local maximum

Second Derivative Test
Let fz(a,b) =0and fy(a,b) = 0.

D= frz (0«7 b)fyy(‘% b) - fivy(av b)z

D| fea(a,b) local

+ +

min

+ - max

- any saddle point

0 any no conclusion

07. DOUBLE INTEGRALS

Let AA; be the area of R; and (z;, y; ) be a pointon R;.
Let f(x, y) be a function of two variables. The double
integral of f over R is

J[ s an= i 3" (e p)AA
=1

Geometric Meaning

[ f(z,y)dA s the volume under the surface z = f(x, )
and above the xy-plane over the region R.

z g~ z=f(x,y)

i

a e d

b Sx

Properties of Double Integrals
1. [fr (f(z,y) + g(z,y))dA
ffR xyclAJrfngxydA
2. [[pef(x,y)dA=c[[s f(x,y)dA, where cis a
constant
3. If f(z,y) > g(x,y) forall (x,y) € R, then
JIg f@,y)dA > [[ g(x U)dA
If R=R1U R2, R1 and R2 do not overlap, then

ffR z,y)dA = [[p) f(z,y)dA + [[gy f(z,y)dA
5. The area of R,

R) = [[ydA = [[,1dA
6. Ifm < f(z,y) < M forall (z,y) € R, then
mA(R) < [[, f(z,y)dA < MA(R)

Rectangular Regions

For a rectangular region R in the zy-plane,
a<x<b c<y<d

J[ ewia= [ ’ [/ bf(w)dm] dy
:/:’ {/cdf(:c,y)dy} dz

It f(z,y) = g(x)h(y), then

J[ stwmtiaa=( [ bg(m)dz) (/ )i )

General Regions

Type A

Vi

0 a x

e

Type B

»

Jf e

Polar Coordi

//Rf(x,y

Applications

Volume

y=g,(x) lower/upper bounds:

g1(z) <y < ga(x)

left/right bounds:
- a<z<b

< )i=g (x)

xtdx b

The reglon R is given by

92(I
,y)dA = /[ J/
g1 ()

(z y)dy} dx

lower/upper bounds:
c<y<d

x=hy(v)

left/right bounds:
-z hi(y) <z < ha(y)

The region R is given by

hz(y)
y)dA = / / (z y)d:L]

nates

r =rcosf
y =rsinf
dxdy = rdrdf

A= (rA0)(Ar)
=rArAf

dA = rdrdf

The region R is given by
R:a<r<b a<0<p

B b
)dA:/ / f(rcosO,rsin@)r drdf

Suppose D is a solid under the surface of z = f(z,y)
over a plane region R
Volume of D = / fz,y)dA
R
Surface Area
For area S of that portion of the surface z = f(z,y)

S

that projects onto R,

- LG

08. ORDINARY DIFFERENTIAL

EQUATIONS

« general solution: solution containing arbitrary constants
« particular solution: gives specific values to arbitrary

constants

« the general solution of the n-th order DE will have n arbitrary

constants

Separable Equations

A first-order DE is separable if it can be written in the form

—N(y)y' =0 or

M(z)dz = N(y)dy

Reductions to Separable Form

form change of variable
) setv = %
y—g(z) =y =v+a
= f(ax + by + ¢
= 4 (_ az+by+c ) setv = ax + by
Yy az+By+y
R = ef Pdx
/
y' + P(z)y = Q(z
@=0@ | T o
setz =yl "
" =y = £
Y + P(z)y = Qz)y" R o Pl

Population Models

N - number; B - birth rate; ¢ - time; D - death rate

Logistic Model
— t=0o0
—1)e— Bt

- 1+( Nt oo
Common Scenarios

Uranium decays into Thorium
amount of

Malthus Model
N(t) = Noek?
wherek = B — D

uranium,

U(t) = Uge kut

dt
a}znount of

;U
T(t) = 8 (

e—kut _

4V = —kyU

thorium,
6*k"'t)

9L — kyU — krT

decay rate constant, k =

In2
ty /9

ratio of thorium to uranium,

Z:L(l_

U kr—ky
Radioactive decay
Q(t) = Qoe™kt
k= In 2

ti1/2
Falling objects (N2L)
Resistance = bv?

7 .
mer =mg — bv?
_ [mg
Letk = b
1 b
= 77 dv = —Edt

Concentration of salt in liquid
Let R = rate of flow (in and out),

e*(’CT*kU)t)

Coollng/Heatmg
dl - k‘(T Tenu)
dT = kdt

T— T
Resistive med|um
Resistance = kv
m< = mg — kv

@ = total amount of salt,

V = total volume, C},, = concentration of inflow

Rate of flow.

= Q' +

> dt

92 = RCin — $Q
£Q = RCip,
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