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01. DIFFERENTIATION
Taylor’s Theorem

f(x) = f(a) + f ′(a)(x− a) + f ′′(a)
2

(x− a)2 + . . .

· · ·+ f(n)(a)
n!

(x− a)n +Rn,

where Rn =
f(n+1)(c)
(n+1)!

(x− a)(n+1) for c between x and a

Taylor Series

As Rn → 0 as n→∞, then

f(x) =
∞∑
n=0

f (n)(a)

n!
(x− a)n

Differentiation Techniques
f(x) f ′(x)

tanx sec2 x
cscx − cscx cotx
secx secx tanx
cotx − csc2 x

af(x) ln a · f ′(x)af(x)

loga f(x)
f ′(x)

ln a·f(x)

sin−1 f(x)
f ′(x)√

1−[f(x)]2
, |f(x)|<1

cos−1 f(x) − f ′(x)√
1−[f(x)]2

, |f(x)|<1

tan−1 f(x)
f ′(x)

1+[f(x)]2

cot−1 f(x) − f ′(x)
1+[f(x)]2

sec−1 f(x)
f ′(x)

|f(x)|
√

[f(x)]2−1

csc−1 f(x) − f ′(x)

|f(x)|
√

[f(x)]2−1

derivatives of trigonometric functions

function derivative
sin−1 x 1√

1−x2

cos−1 x −1√
1−x2

tan−1 x 1
1+x2

function derivative
csc−1 x −1

x
√
x2−1

sec−1 x 1

x
√
x2−1

cot−1 x −1
1+x2

logarithmic differentiation I
aka take ln on both sides and implicitly differentiate

for y = f1(x)f2(x) · · · fn(x) (product of nonzero functions),
ln |y| = ln |f1(x)|+ ln |f2(x)|+ · · ·+ ln |fn(x)|

dy
dx

=
[
f ′1(x)
f1(x)

+
f ′2(x)
f2(x)

+ · · ·+ f ′n(x)
fn(x)

]
y

=
[
f ′1(x)
f1(x)

+
f ′2(x)
f2(x)

+ · · ·+ f ′n(x)
fn(x)

]
f1(x)f2(x) · · · fn(x)

logarithmic differentiation II
for y = f(x)g(x)(f(x) > 0),

ln y = g(x) ln f(x)⇒ dy
dx

= y d
dx

[g(x) ln f(x)]

lim
x→a

(f(x)g(x)) = lim
x→a

exp (g(x) ln f(x))

= exp
(
lim
x→a

g(x) ln f(x)
)

02. INTEGRATION
Integration Techniques

f(x)
∫
f(x)

tanx ln(secx), |x| < π
2

cotx ln(sinx), 0 < x < π

cscx − ln(cscx+ cotx), 0 < x < π

secx ln(secx+ tanx), |x| < π
2

1
x2+a2

1
a
tan−1(x

a
)

1√
a2−x2

sin−1(x
a
), |x| < a

1
x2−a2

1
2a

ln(x−a
x+a

), x > a

1
a2−x2

1
2a

ln( x+a
x−a ), x < a

ax ax

ln a

Rational functions

for f =
A(x)
B(x)

,

• manipulate such that degA(x) < degB(x),
then decompose into partial fractions

• common rational functions:

•
∫

1

(x+ a)k
dx =

{
ln |x+ a|+K, if k = 1
(x+a)1−k

1−k +K, if k ≥ 1

•
∫

u

(u2 + d2)r
du =

{
1
2
ln(u2 + d2), if r = 1

(u2+d2)1−r

2(1−r) , if r ≥ 2

•
∫

1

(u2 + d2)r
du =

1

d2r−1

∫
1

(t2 + 1)r
dt

•

partial fractions
• for each linear factor (x+ a)k :

• A1
x+a

+ A2
(x+a)2

+ · · ·+ Ak
(x+a)k

• for each quadratic factor (x2 + bx+ c)r :
• B1x+C1
x2+bx+c

+ · · ·+ Brx+Cr
(x2+bx+c)r

trigonometric substitutions
•
√
a2 − x2, x = a sin t, t ∈ [−π

2
, π
2
]

•
√
x2 − a2, x = a sec t, t ∈ [0,−π

2
) ∪ (π, 3π

2
]

• a2 + x2, x = a tan t, t ∈ (−π
2
, π
2
)

universal trigonometric substitution

any rational expression in sinx and cosx can be integrated
using the substitution t = tan x

2
, x ∈ (−π, π).

sinx = 2t
1+t2

, cosx = 1−t2
1+t2

, dx
dt

= 2
1+t2

trigonometric identities
• tan−1 x+ cot−1 x− π

2

• sec−1 x+ csc−1 x =

{
π
2
, if x ≥ 1

5π
2
, if x ≤ −1

03. SERIES
MacLaurin Series
For −∞ < x <∞

sinx =
∞∑
n=0

(−1)nx2n+1

(2n+1)!

cosx =
∞∑
n=0

(−1)nx2n

(2n)!

ex =
∞∑
n=0

xn

n!

For −1 < x < 1
1

1−x =
∞∑
n=0

xn

1
1+x

=
∞∑
n=0

(−1)nxn

1
1+x2

=
∞∑
n=0

(−1)nx2n

ln(1 + x) =
∞∑
n=1

(−1)n−1xn

n

tan−1 x =
∞∑
n=0

(−1)n

2n+1
x2n+1

1
(1+x)2

=
∞∑
n=1

(−1)n−1nxn−1

1
(1−x)2 =

∞∑
n=1

nxn−1

1
(1−x)3 = 1

2

∞∑
n=2

n(n− 1)xn−2

(1 + x)k =
∞∑
n=0

(k
n

)
xn

= 1 + kx+
k(k−1)

2!
x2 + . . .

MISC
Exponentials
properties

• auav = au+v

• a−u = 1
au

• (au)v = auv

• (ax)′ = ax ln a
• d
dx
xr = rxr−1

• lim
x→∞

ex =∞, lim
x→−∞

ex = 0

• lim
x→∞

ex

xn
=∞ for n ∈ Z+

• ex =
∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+ . . .

•
∫
xr dx =

{
xr+1

r+1
+ C if r 6= −1,

lnx+ C if r = −1,
• if r is irrational, then xr is only defined for x ≥ 0.

triangle inequality
|a+ b| ≤ |a|+ |b| for all a, b ∈ R

binomial theorem

(a+ b)n =
n∑
k=0

(n
k

)
an−kbk

= an +
(n
1

)
an−1b+ · · ·+

( n
n−1

)
abn−1 + bn

where the binomial coefficient is given by(n
k

)
= n!

k!(n−k)!

factorisation
an− bn = (a− b)(an−1 +an−2b+ · · ·+abn−2 + bn−1)

a3 − b3 = (a− b)(a2 + ab+ b2)
a3 + b3 = (a+ b)(a2 − ab+ b2)

misc
• ∀x ∈ (0, π

2
), sinx < x < tanx

• sin θ = tan θ√
tan2 θ+1
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